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Abstract 

For a positive integer N, we define the Af-rank of a non singular integer 
d x d matrix A to be the maximum integer r such that there exists a minor of 
order r whose determinant is not divisible by N. Given a positive integer r, 
we study the growth of the minimum integer k, such that A k - I has Af-rank 
at most r, as a function of N. We show that this integer k goes to infinity 
faster than log N if and only if for every eigenvalue A which is not a root of 
unity, the sum of the dimensions of the eigenspaces relative to eigenvalues 
which are multiplicatively dependent with A and are not roots of unity, plus 
the dimensions of the eigenspaces relative to eigenvalues which are roots of 
unity, does not exceed d-r-l. This result will be applied to recover a recent 
theorem of Luca and Shparlinski O which states that the group of rational 
points of an ordinary elliptic curve E over a finite field with q" elements 
is almost cyclic, in a sense to be defined, when n goes to infinity. We will 
also extend this result to the product of two elliptic curves over a finite field 
and show that the orders of the groups of -rational points of two non 
isogenous elliptic curves are almost coprime when n approaches infinity. 

1 Introduction 

In it is shown that if S is a finite set of absolute values of Q, including oo, and 
u, v 6 Z are multiplicatively independent S -units, then for every e > 0, gcd(w - 
1, v - 1) < max(|w|, |v|) e holds with finitely many exceptions (see also [1], theorem 
7.4.10). A more general result is presented in 01 where an upper bound for the 
greatest common divisor, to be defined later, between u - 1 and v - 1 where u, v 
are now S -units in a number field, is obtained. This result is used in Q to show 
that for a non singular integer matrix A, the growth of the order of A modulo an 
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integer N goes to infinity faster then log N if and only if none of the following 
cases holds: 



(i) A is diagonalizable and a power of A has all the eigenvalues equal to powers 
of a single rational integer 

(ii) A is diagonalizable and a power of A has all the eigenvalues equal to powers 
of a single unit in a real quadratic field 

Let now d be a positive integer and A a non singular d x d integer matrix. 
Given an integer N > 1, we define the Af-rank of A as follows. 

Definition 1. The A^-rank of A is the greatest integer r > such that there exists 
an r x r minor of A whose determinant is not divisible by N. We will write 
r = Af-rank(A). 

Given r as in definition Q] we can define the r-order of the matrix A as follows. 

Definition 2. A positive integer k is called the r-order of A modulo N, if it is 
the smallest integer such that Af-rank^ - 7) < r, where I denotes the identity 
matrix. We will write k = ord(A,N, r). If such an integer does not exist, we will 
set ord(A,N,r) = oo. 

Before stating the results of this paper, we briefly analyze the main properties 
of Af-rank and r-order. An integer matrix A has Af-rank zero if and only if all the 
determinants of order 1 are divisible by N, i.e. if and only if A = (mod AO. 
Hence ord(A,Af, 0) is just the usual order ord(A,A0 of a matrix and have been 
studied in as recalled above. Recall now that from an integer d x d matrix 
A = (a,y) and a given positive integer r < d, one can construct a new matrix, the 
so called r-th exterior power of A as follows. Let Sf be the set of sequences 

J = (ju h, • ■ • , j r ), where 1 < j 1 < j 2 < . . . < j r < d 
and let J, K e Sf . Then we define 



A% := det 



a jih a jik 2 ' ' ' a j[k r 



V a j r h a j r k 2 ' " ' a j,k r ) 



(1) 



Hence, by varying J, K in S f we obtain a new matrix A (r \ the r-th exterior power 
of A, whose 7^-component is defined by (Q~|). Choose now a Z-basis \e\, e 2 , ■ ■ ■ , e d \ 
for Z rf ; then the elements 

Ae j2 A ... A e jr , where 1 < ji < j 2 < . . . < j r < d 
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form a basis for the Grassmann algebra /\ r Z d and the matrix A w represents an 
endomorphism 

A r A : A r Z d — > A r ^- 

Now iV-rank(A) < r if and only if every determinant of a minor of order r + 1 
is divisible by iV and this in turn is equivalent to the fact that the matrix A (r+1) , 
representing /\ r+i A, has all the entries divisible by N, i.e. N\A^ r+1 \ 

Moreover, if one defines, for < r < d, the determinant ideal I r {A) to be the 
ideal in Z generated by the entries of A {r) , i.e. by the determinants of the minors 
of A of order r, then, after putting I (A) := Z, 

I (A)Dli(A)D---Dl d (A)- 

It follows that, for every r between and d - 1, 

ord(A, AT, r) > ord(A, AT, r + 1). (2) 

Let now P,Qe GL rf (Z). In this case I r (P) = = (1) for every r, hence, since 
for two dxd integer matrices A, B, 

(A5) w = A (r) 5 w , 

then 

I r (A) = I r {PAQ) 

and we deduce that the A^-rank is invariant under conjugation in GL^(Z). 



2 Statements of the results 

In this paper we study the minimal growth of ord(A, N, r), for fixed values of r and 
given A, as Af — » oo. If A has finite r-order (globally), i.e. A k -I has rank at most r 
for a certain > 1, then clearly ord(A, N,r) <k is bounded. If this is not the case, 
then ord(A, N, r) —> oo as N —> oo. 

The case r = d is trivial, being ord(A, N,d) = 1 for each integer N > 1. When 
r = d - I the growth is not faster then logarithmic. Let us first consider the case 
where no eigenvalue is a root of unity. Let A\,...,A t , A t+ i, ...Ad be the complex 
eigenvalues of A, taken with multiplicity 1 and ordered in a way that \A { \ > 1 if 
and only if i < t. Let N n = |det(A" - 7)| and r] = % =l log |^-|. Observing that 

t 

\ogN n = J] log \A1 - l| + 0(1) = + 0(1) 

i=i 

we obtain 

ord(A, N n , d - 1) < n = n' 1 logN n + 0(1) 
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and so 

r . ord(A,AU-l) ^ _j 
hm inf < 77 < oo 

#->«> log A 

as wanted. 

If an eigenvalue, say A\, is a root of unity: if A™ = 1 then det(A m -7) = 0, therefore 
ord(A, A, d - 1) < m for every positive integer N. 

From now on we will then consider < r < d - 2. Let K c Q be the splitting 
field of the characteristic polynomial of A. Then there exists an invertible matrix 
P over K such that 

B = P~ l AP (3) 

is the Jordan canonical form of A. Let now A be the set of eigenvalues of A, let 
A* c A be the set of eigenvalues that are roots of unity and let A' := A \ A*. 

Definition 3. Two eigenvalues A\,A 2 6 A are multiplicatively dependent if and 
only if there exists (a u a 2 ) e Z 2 \ {(0,0)} such that A" l A a 2 2 = 1. 

Let ~ be the equivalence relation of being pairwise multiplicatively dependent, 
defined on the set A' of eigenvalues of A which are not roots of unity and let 
r := A'/ ~. Note that ~ would not be an equivalence relation if defined on the 
whole A, since every eigenvalue is multiplicatively dependent with an eigenvalue 
in A* and transitivity would fail. For each equivalence class y e T we set h y to 
be the sum of the algebraic multiplicities of the eigenvalues in y and h y to be the 
number of 1 appearing in the Jordan blocks of B relative to the eigenvalues in y. 
Finally let / be the sum of the algebraic multiplicities of the eigenvalues in A* and 
/ be the number of 1 appearing in the Jordan blocks of B relative to the eigenvalues 
in A*. 

Definition 4. Given an integer r, with < r < d - 2, adxd integer matrix A will 
be called r-regular if 

ord(A,A, r) 

hm = +oo (4) 

N^oo log N 

and r-exceptional otherwise. 

The main result of this note is the following theorem. 

Theorem 1. Let A be a non singular integer d x d matrix and r < d — 2 a non 
negative integer. Then A is r-exceptional if and only if there exists y eY such that 

I - I + h y - h y > d - r (5) 
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Example 1. Consider for example the matrix 





' 21 


-10 


2 


-12 


1 




15 


-7 


5 


-15 


3 


A = 


3 


-2 


4 


-3 


1 




9 


-4 


-1 





-1 




I -2 


1 


1 


2 


2 


This matrix has Jordan canonical form 










' 2 





N 






3 


1 







B = 





3 


1 












3 






v 





9 J 





which has 2, 3 and 9 as eigenvalues and none of them is a root of unity. Two of 
them, 3 and 9 are multiplicatively dependent, while 2 is multiplicatively indepen- 
dent with 3 and hence with 9. Therefore 1 = 1 = and, if we denote with 2, 3 and 9 
the classes in T that contain respectively 2, 3 and 9, then 3 = 9 and = 1, % = 0, 
hj = 4, hj = 2. Then, by applying Theorem [H the matrix A is 3-exceptional, 
2-regular and then 1- and 0-regular, by equation (0. 

Example 2. Consider now an invertible integer matrix whose Jordan form is 



( b 
o 







^ 

£ o 

a 1 

a 

0b) 



where %\,%2 are roots of unity and a,b are two multiplicatively dependent non 
roots of unity. In this case / = 2, / = and, in the notation of example [B = 3, 
ha = 1. Then, I - I + ha - ha = 4, hence by applying Theorem [0 the matrix A is 
0-regular and 1 -exceptional (and then 2- and 3-exceptional, since © holds). 

The main tool to prove the necessity of condition © for A being r-exceptional 
will be a result of diophantine approximation by Corvaja and Zannier Hi which 
is an application of Schmidt's subspace theorem. On the other hand, to prove the 
sufficiency of ©, a generalized version of Roth's theorem will suffice. 
As an immediate corollary of Theorem \T\ we can deduce a sufficient condition 
on the structure of the Zariski closure Ga '■= < A > in GL d of the cyclic group 
generated by a single invertible integer matrix A, for A being r-regular. Let G° A 
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be the connected component of G A containing the identity; then, by the general 
theory of commutative algebraic groups, G° A = Q e m x G{, where G m and G a denote 
respectively the multiplicative and the additive groups and / = or 1 depending 
on A being diagonalizable or not. 

Corollary 2. Let A be an invertible integer matrix, r <d—1a non negative integer 
and G° A = G e m X the connected component containing the identity of the Zariski 
closure of the group generated by A. If e + f > r + 1, then A is r-regular. 

The converse of the corollary is not true. Consider for example a 3 x 3 diago- 
nalizable matrix A with three distinct eigenvalues A, p., v non multiplicative depen- 
dent in pairs, but such that there exist three integers a, b, c such that A a fi b v c = 1, 
for instance A = 3,fi = 5, v = 15. Then A is 1-regular, but e + f = 2. 

For certain applications it is more convenient to consider, more generally then 
an integer matrix, an endomorphism of a finitely generated free module over a 
ring of characteristic zero, without choosing a base. If all the coefficients of the 
characteristic polynomial of (p are rational integers, then such are the coefficients 
of the characteristic polynomial of (p n - I, for every positive integer n, where / is 
the identity endomorphism. In the following the coefficients of the characteristic 
polynomial of an endomorphism cp, will be called the invariants of (p. Let us, for 
every k = 1, . . . , d, denote with a n ^ the invariant of (p n - 1 which is homogeneous 
of degree k in the eigenvalues of (p n - I. We can then consider, for fixed iVeN, 
the smallest positive integer k((p, N) such that Af divides afi for all k = 1, . . . , d. 
A slight modification of the arguments used in proving Theorem \T\ leads to the 
following result. 

Theorem 3. Let (f> be an endomorphism of a finitely generated free module over 
a ring of characteristic zero, such that the invariants of (p are rational integers. 
Then k{(p, N), defined as above, satisfies 

lim = +oo (6) 

AT->oo log./V 

if and only ifcp has at least two multiplicatively independent eigenvalues. 

As an application of this theorem we can recover a result of Luca and Sh- 
parlinski, presented in 0, on the exponent of the group of rational points on an 
elliptic curve defined over a finite field. Let E be an elliptic curve defined over a 
finite field F q , with q elements, and let E(¥ q n) be the group of F^> -rational points. 
It is known that ^(F^) has the following structure E chapter 5]: 

E(¥ q n) = (Z/m(q n )Z) X (Z/l(q n )Z) (7) 
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where m(q n ),l(q n ) are uniquely determined integers such that m(q n )\l{q n ). The 
integer l(q n ) is the largest possible order of torsion of an ¥ q „ -rational point and it is 
called the exponent of E(¥ q n ) . Moreover the Hasse-Weil relation for the cardinality 
^E(Fqn) of the set of -rational points is 

#£(F,-,) = <f + 1-Tr(«f) (8) 

where (f> is the Frobenius isogeny of E and Tr(0") is the trace of its n-th power. Us- 
ing equation © and the fact that the eigenvalues a,/3 of (p are complex coniugates 
with \a\ = \/3\ = g 1/2 , it is immediate to obtain the bound 

l{q n ) > q n/2 - 1 (9) 

for every n. We will apply Theorem[3]to recover the much stronger lower bound of 
Luca and Shparlinski for the exponent of E(¥ ql <) for an ordinary elliptic curve. To 
state their theorem, recall that an elliptic curve defined over ¥ q , with q = p k , is said 
ordinary if the group of p-torsion points is isomorphic to Z/pZ and supersingular 
if is the unique p-torsion point. 

Theorem 4 (F. Luca and E. Shparlinski). Let E be an elliptic curve over a finite 
field F q . Then for every e > 0, 

l(q n ) > ^" (1_e) for every n sufficiently large 

if and only if E is ordinary. 

To prove Theorem @J we will apply Theorem |3] with cf> equals to the Frobenius 
endomorphism of the elliptic curve E, by showing that m(q n ), in the notation of 
©, divides both det(0" - /) and (Tr(</>" - I)) 2 . This fact, together with the Hasse- 
Weil relation ©, will provide the desired result. 

Consider now two ordinary elliptic curves E\ and E 2 defined over ¥ q . Let 
:= E\ x E 2 be their product and let Jl(¥ q „) = Ei(¥ q H) x E 2 (¥ q „) be the group of 
its Fgn -rational points. Since 

Ej(¥ q „) = (Z/mi(q n )Z) x (Z// ; (g")Z) 

for i = 1,2, then 

Jl(¥ q „) = (Z/ mi (q n )Z) X {Zlh(q n )Z) x (Z/m 2 (^")Z) x (Z/l 2 (q n )Z) 
and then 

JKFqn) = (Z/l(q n )Z) x M(q n ) 
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where 

l(q n ) := \cm{h(q n )Mq n )) 

is the least common multiple of the exponents of the groups E\(¥ q n) and E 2 (¥ q n) 
and M(q n ) is a finite, not necessarily cyclic, group. We will apply Theorems \T\ 
and H] to prove the following necessary and sufficient condition on the structure of 
Jl(¥ ql i) for the two curves to be isogenous. 

Theorem 5. Let E\ and E 2 be two ordinary elliptic curves over a finite field ¥ q . 
Then for every e > 0, 

Kq n ) > q ln(X ~ e) exp(-£n) for every n sufficiently large (10) 

if and only if E\ and E 2 are not isogenous over ¥ q . Hence if E { and E 2 are not 
isogenous then 

gcd (tiEiiFqn), §E 2 (Fq n )) < exp(en) for every n sufficiently large. (11) 

Equation (fTTI) can be paraphrased by saying that the groups of -rational 
points of two ordinary non isogenous elliptic curves have orders which tend to be 
coprime as n approaches infinity. 
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3 Proofs 

To prove Theorem [Jj we need a few lemmas. 

Lemma 6. Let A and r be as in Theorem [7] A not of finite global r-order, n a 

positive integer and let x n>r> i, i = 1 , . . . , r j be the determinants of the minors of 
A" — I of order r. Then the following statement is equivalent to 

> 0, gcd(x„ ir+ i ? ,) < exp(en) for n sufficiently large with respect to e. (12) 

i 

Proof. Let k := ord(A, N, r). Then ./V divides x^ r+ i, ; - for every i. In particular 

AT < gcd(x*, r+M ), VJVeN (13) 
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If condition (fT2l) holds, then 



gcdOc^+i,;) < exp(efc), for N (and thus k) sufficiently large. 

i 

Combining this with (fT3l) we obtain 

> 6 _1 , for N sufficiently large 



ord(A,N,r) _, 



logN 

and this implies condition ©. 

On the other hand if there exist a positive real number p and an infinite subset N 
of N such that 

gcdO„, r+ i, ; -) > exp(pn), Vrc e A/ 

i 

then, taking := gcd^x^+i,,), we get 

ord(A,A^,r) < n < - log gcd(x n>r+u ) = -logA^„ 
P i P 

and so 

ord(A,N n ,r) 1 

— - — < -, V«e A/. 

logAf„ p 

□ 

We need now to introduce some notation related with K, the splitting field 
of the characteristic polynomial of A. Let M and M be respectively the set of 
places and finite places of the field K and normalize the associated absolute values 
in such a way that the product formula YlfieM \ x \m = 1 holds for each jc e K*. We 
will also need the absolute logarithmic Weil height h(x) = log H(x) of a point 
x 6 K, where H{x) := n^eM max { 1 ' W^K If i x u ■ ■ C K is a finite set of 
algebraic integers of K, we define 



loggcd(x/) := V log max{|x,- 



fieM 

to extend the concept of gcd from the rational integers to the ring <9 K of algebraic 
integers of K and \og~(x) := - min{0, log(jc)} for every x > 0. Finally let S be a 
finite subset of M, including M \ M , and let 

0*^ s = {x 6 K such that 1^ = 1, V/i g S } 

be the group of S -units of K. 

Noting that © implies A" - I = P(B n - I)P~ l and letting y, urJ , i = I,..., ^ 
be the determinants of the minors of B n - I of order r, we observe that condition 
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(fT2l) (and thus condition ©) holds if and only if a similar condition holds for the 
matrix B, i.e. (TT21) is equivalent to 



Vf > 0, loggcd(y„ jr +u) < en for sufficiently large. 



(14) 



To prove the equivalence of ([T21) and (fl4l observe that the entries of P are fixed, in- 
dependently of the exponent n, and hence have bounded denominators as n varies. 

So for each i = 1, . . . , rj , y„ >r> j is a linear combination of the x„ tr j, j = 1, . . . , rj 
with coefficients having bounded denominators and so \y n , r j\^ ^ max 7 - \x n ^j\^, 
where c M = 1 for all but finitely many ft e M. This implies the equivalence of (TT21) 
and CH]> . 

To prove Theorem [U we begin by considering the special case of two multiplica- 
tively dependent eigenvalues. In this case we can prove the following lemma, 
whose proof is elementary, in the sense that, it does not use any tool of diophan- 
tine approximation. 

Lemma 7. Let A,r\ e K x multiplicatively dependent algebraic integers, A being 
not a root of unity, and B(rj) be a Jordan block of order k + 1 with exactly k "1" 
off-diagonal: 



5(7/) := 



r, 1 

7] 

••• 

••• 





1 





... o ^ 

... o 

n i 

T] ) 



Let Cnjjjj) be the kxk minor ofB(i]) n -I made up with the first k rows and columns 
2,3, ... ,k. Then 

loggcdOT - l,detC, a (77)) = O(logn). 

Proof. Case 1 ) Consider first the case where rj is not a root of unity. Let a, b 
be non zero integers such that A a = rj b . If ab < 0, then A is a unity and, since 
A n - 1 = -A"(A~" - 1), the ideals generated by A" - 1 and A~ n - 1 coincide, hence 

logged^' 1 - LdetC^T/)) = loggcdOT" - LdetC^T/)) 

We can therefore suppose a and b positive, by replacing A with A~ l if necessary. 
There exists then an algebraic integer £ e K ["v^l such that % h = A and £f l = r\. If 
we now set t = g n we get 



A n -\ 



t h -\ 
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and 



detC„,*07) = »7 det 



nf 



f - 1 nf 



f - 1 nf 



nf 











f - 1 


nf 



f 

n 

\k-l 



f 



f 





I o 

It is now convenient to define two polynomials f,g e Q [x, t], with x and t alge- 
braically independent over Q, as follows: 

f(x,t) :=f-l 
(x\ „ 



g(x, t) := det 



xf , , 
\2) 

f - 1 xf 








it- 1 



^ - 1 



xf 











f-1 





where / indeed does not depend on the variable x. Writing Q [x, t\ = Q [x] [?] we 
regard / and g as polynomials in t with coefficients in Q [x] and show that they do 
not have a common factor of positive degree. We show that g(x, t) does not have a 
non zero complex root in t: let z be a non zero complex number and suppose that 
z a + 1 ; to show that g(x, z)eC [x] is not the zero polynomial in x we show that 
its term of degree one is not zero. This term is given by 



d 

ox 



= det 



x=0 





z a -l 
z a 


[0 

\fc-i 



1 













d_ 

dx 
d_ 
dx 
d_ 

dx 



k, 
x 

k-l 

X 

k-2 



x=Q 

7« 



x=0 



x=0 
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z a - 1 


z a 



x=0 



(15) 



x=0 
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for every z e C x such thatz" £ 1, since = x(x- 1) . . . l)fc! 1 has a simple 

root in x = 0. If z a = 1 then = Jt\ which again is not the zero polynomial 

inQ[x]. 

On the other hand t = cannot be a root of f(x, t), so / and g do not have a 
common root in t. Then their resultant Res(f, g) in the variable Hs a non zero 
element r(x) e Q [*] and there exist two polynomials (p,ifreQ [x] [t] such that 



maxP" - 1|, , IdetCaC^} = max{|/(n, C\ , 1^8^%} 
> max{\f(n,e%Mn,e%} 

= max{|/(n, , \<f>(n, % n )f(n, C) + Hn, C)g(n, {%} 
= m a x{\f(n,e\,\r(n\}>\r(n\ 

Then 

loggcdOT -l,detC, a (77)) = ^log-maxd^-ll^ldetQ^} 



and this is non zero for every neN sufficiently large. In fact, if n = (mod m), 
then detC„ i/t (?7) = n k rf k ^ for every neN; otherwise, if n £ (mod m), 
we can repeat part of the above argument with minor modifications and define a 



<p(x, t)f(x, t) + i//(x, t)g(x, t) = r(x). 



Therefore for every [x € M 




lieM a 



Case 2) If rj is an m-th primitive root of unity, then 
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polynomial g e Q [x, t], with x and t algebraically independent over Q, as follows: 



g(x, t) = det 



x 

xt 

2 

t-l xt 






Ix 
\k 

U - 1 



t-l xt 



X 

2 

t-l xt 



so that 



(16) 



Let hq be an integer such that 1 < n < m, then g(x,rj") = g(x,if°) for every 
n = n (mod m). Hence, as n varies, we obtain at most m different polynomials 
g(x, rf), g(x, r/ 2 ) g(x, rf 1 ) £ C [x] and by (fT5l) . if n £ (mod m), then 



ox 



x=o ^ ^ dx \U 



>7" 



*0 



X=0 



and so g(x, rf 10 ) is not the zero polynomial in C [x]. Then g(n, rf) ^ for every 
n sufficiently large and then (fT6l) implies det C n ^{rf) ± for every n sufficiently 
large. Observe now that, for every /j. e M , 



max{\A n - l| p ,|detC, a (77)l } > |det C n Ml = \v~ k g(n,rf)\ = \g(n,rf) 



But 



g{n,r 1 n ) = Y jPi {n)r 1 in 

i=0 

where the p t are polynomials over Z. Then 

log gcd(A* - 1, det C n M) < J] log" \g(n, rj% = log f] |g(n, 



fjeM 



= log n i^^=io g n 2#(«>7 

/jeM\Mo /i£M\Mo i=0 

k k 

< log f] 2k n) ^ n L =iog n Z 1 ^ 1 

H£M\M Q i=0 neM\M Q i=0 

< log|p(n)| 
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for a suitable polynomial p over Z and every n sufficiently large. Then 



logged^" - l.detCjfa)) = O(logn) 

and this completes the proof of the lemma. □ 

We are now in a position to prove the main theorem. 

Proof of Theorem\l\ Case 1 ) Suppose that I — I + h y - h y < d — r for every y e Y. 
This inequality is equivalent to d - I - h y + / + h y > r + 1 and this in turn amounts 
to say that for a chosen y e T, say y\, there exists a minor, say y n , r +i,i, of B n - I 
of order r + 1, which is diagonal in blocks and whose blocks, using notation of 
lemma |71 are of type C n ^(Ai) where X\ e y\ U A* or principal minors of B n - I 
relative to eigenvalues not in y x U A*. The minor y n , r +i,\ will thus have the form 

3V +U = Y] det C nJCi (Ad ■ Y\(rfj -1), (17) 

iej ;e7C 

where J is a finite set of indexes, A, 6 71 U A*, Vi G I and 7C is a finite set of 
indexes of cardinality r + 1 - 2, e j sucn mat Uj e A' \ y\ for each j 6 'K. 
Let now Q be the product of the elements of a maximal subset of cardinality at 
most r + 1 of diagonal elements A n - 1 of B n - I, where A 6 y\, i.e. 

Q o = \Y A "i - l) 

where X is a finite set of indexes of cardinality at most r + 1, Aj 6 j\ for every 
j e X, the Aj not necessarily distinct. Let Q l5 . . . , Q f be the determinants of all the 
minors of order max{0, r + 1 - h Yl } chosen from the blocks of the matrix B n -I not 
relative to eigenvalues in y 1 and which do not contain elements A" -I with A 6 A* ; 
these minors exist, if h 7l < r + 1, since d - I - h 7l + I > r + 1 - h Yl > r + 1 - h 7l . 
Otherwise, if h 7l > r + 1, set t = 1 and Qi = 1. As last, in equation (TT7T) . set 
^+1 : = n, e jdetC, lA (^) and Q t+2 := Uje-xiv" ~ !)• Then 

loggcd ; .0v + u) ^ logged (Q ^i, ^0^2, ■ ■ ■ , Q t+l Q t+2 ) 
< logged (Qi,Q 2 , ...,Clt) + logged (no,n t+1 Q. t+2 ) 
< log gcd (Qi , Q 2 , • • • , ft f ) + log gcd (D , + log gcd (D , D f+2 ) 

Observe now that 

loggcd(Q ,D ;+1 ) < Z log"max{|^- l| p ,|detC, a ,(^)U- (18) 

j€£ i€l /ieMo 
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By lemma[71 for every i e I and j e £,, 

J] log" max{|^ -11^,1 detC^OU = O(logn), (19) 

for every n e N sufficiently large. Putting together equations (TT8T) and (PT9l) we 
have, for every 6 > 0, 

loggcd(A),£Vi) < en, 

for n sufficiently large. 
Observe now that 

logged (Ho, CVi) < J]E Z l0 S~ max ^" - !UI^ - 1U- 

Following 0, we can now apply the following fact, stated as Proposition 2 in 
flU (beware that our definition of log - differes from that of 01, where log" x = 
min{0, log x}): 

Proposition 8 (Proposition 2 of [4]). Let 8 > 0. All but finitely many solutions 
(u,v) 6 (0^ s ) 2 to the inequality 

log" max{|w - 1| M , |v - 1| A ) > 6max{h(u),h(v)} 

satisfy one of finitely many relations u a v b = 1, where a,b e Z are not both zero. 

We apply this fact with u = A" and v = rf.. Since A, rjj for each z 6 X and 
j 6 7<", then for each e > 

£ log-maxm? - IUI/7" - 1U < emax(^),^)} = €nmax{h(Ad,h(Tjj)}, 

for n sufficiently large, for every i e X and j e 7C. Therefore we get 
log gcd (£2o. Q+i) < en ^ ^ max{/z(i ( ), h(rjj)} 

and taking e = e (Z/e£ Z/eTC max{/z(/l ( ), h(T]j)}^ , we obtain 

log gcd (Q , £^+2) < 

for n sufficiently large. 

If h YJ > r + 1 the proof of case 1 can be concluded since 

log gcd()v+u) < log gcd (flo, + log gcd (Q , Q+i) <en + en 

i 

15 



for n sufficiently large. 

Otherwise, if h 7l < r + 1 we are left with giving a suitable upper bound for 
log gcd (Q,i, Q. 2 , ■ ■ - , Q)', observe that Q l5 Q. 2 , ■ ■ ■ , Q are all the minors of order 
r + 1 - h n of the matrix B n - I, deprived of its blocks relative to eigenvalues in 
jx , that do not contain elements A" - 1 with A e A*. For every y + y i we have 
d - I - h n - h y + I + h y > r + 1 - h 7l , then we can repeat the procedure up to here 
developed, by replacing d with d - h 7l ,T with T \ {y x }, r with r - h 7l and consid- 
ering only the minors Q.2, ■ ■ ■ , Q instead of all the minors of B n - I. We come 
up with a new set {O.^, Q.\, . . . , Q] l+2 } an d by possibly iterating this procedure, we 
come up after a finite number, say s, of steps with the case where t s = 1 and we 
can conclude that for every e > 

loggcd(jv +u ) < en 

i 

for n sufficiently large. Thus A is r-regular. 

Case 2) Suppose now that there exists a y e Y, say y x such that l-l+h yi -h 7l > d-r. 
This inequality is equivalent to d - 1 - h 7l + 1 + h 7l < r + 1 and this in turn amounts 
to say that in the determinant of each minor of order r + 1 of the matrix B n - I 
there is a factor A" - 1 with Aey t U A*. 

Let now T be the order of torsion in the subgroup of K* generated by the eigen- 
values of B and observe that for each A t e y x there exist two integer a h b { such that 
A"' = A bi . Let m be the least common multiple of T and the bj's and consider the 
subset N of the natural numbers defined by 

N = {n e N such that n = (mod m)} 

For each n e N, say n = jm with j e N and for each // e M we have 

max{|)v +u |^} < |^ - l|^ 

and hence 

loggcd(jv + u) > Yj 1o § W ~ l \n 
for every j e N. We will now prove that there exits p > such that 

J]\og-\Ai-\l>pj (20) 

/ieM 

for every j in an infinite subset of N. Observe now that 

= jm^i) + 0(d- Z ^"W- 1 ^ 

,ueM\Mo 
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Hence proving (|20l) amounts to prove that there exists p > such that 

£ log-|^{ - l|^ < j(^(^i)-p) (21) 

fjeM\Mo 

for every j in an infinite subset of N. The last inequality is true since we will now 
prove that > 

J] log-|^-l|^<6j + 0(l) (22) 

pieM\Mo 

for every j in an infinite subset of N, by applying the (generalized) Roth's theorem 
03 chapter 6] in the following form. 

Theorem 9 (Roth). Let Kbe a number field and S a finite set of places. For each 
jd 6 S let be K— algebraic. Then for each e > 0, there exist only finitely many 
J3 € K swc/z f/za? 

]^ min(l,^-^ ( ) <//(/?)- 



tieS 

To prove ((22]) . let us define 



D(j) := [] min{l,|^'-l|J 

/ieM\Mo 

£(/) := ]~[ min{l,|^-oo| } 



fieM\Mo 

HiU>i 



F(j) := j | min {l,|^-0| J. 



where - oo|^ := . Then, for every ei > 0, Roth's theorem implies that 

\-2-ei 



du)eu)fu)>h(a{)~ 

for every 7 sufficiently large. Observe now that 

£0')= PI — rnrx = H{ ^ yl 

neM\M max II, \AA\ 
I^1U>1 

since A\ is an algebraic integer. Moreover 

f ^ = n 14 = n 14 = n k = c ^ )_i 

Wil^<l 
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where 

//eM\Mo 

is a constant, depending on Ai, with c > 1. Hence, putting everything together, 

D(j)>c- j H(A 1 T M 

for every j sufficiently large. Let us now define b := c 1/e ' and observe that for 
every 8 > 1 and for every e > 0, 

c- j H(A{)- iei >5exp(-je) 

for every j sufficiently large, when 

e 

€l < log^TOO) 

Hence, taking into account that 

^ log" 1^-1^ = log f] min{l,|^-l|J _1 = log DOT 1 

fieM\Mo fieM\Mo 

for every j sufficiently large, we conclude that 

log" \A{ -ll< log (cT 1 expO'e)) = je + 0(1) 

lieM\Mo 



for every j sufficiently large and this proves (122)) . 
We can therefore conclude that 



loggcd()v +u ) > ^ log 1^-1^ 

= jh(M) + 0(1)- Yj { °g 14-^1 



fi£M\Ma 

> jh(A 1 )-je + 0(l) 

= j(h(A 1 )-e) + 0(l)>pj 

for j sufficiently large, where p is for instance (h(A\) - e)/2. This proves (|20l) and 
then A is r-exceptional. □ 

Proof of Corollary\2\ If A is r-exceptional, then by TheoremCD there exists y eY 
such that I + h y > d — r + 1 + h y . 

If A is diagonalizable, i.e. if / = 0, then I + h y = and hence I + h y > d - r. Thus 
e<d-(7 + ft r ) + l<d-(<i-r) + l= r+ l. 

If A is diagonalizable, i.e. if / = 1, then I + h y > 1 and hence l + h y >d-r+l. 
Thus e <d - (1 + h 7 ) + 1 <d-(d-r+l) + l = r. 

In both cases A r-exceptional implies e + f < r + 1. □ 
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Let us now come to the proof of Theorem [31 

Proof of Theorem\3\ Let (p be an endomorphism of a free module over a finitely 
generated ring R of characteristic zero and let d be the dimension of the module. 
Let Ai, A 2 , ■ ■ ■ , A d be the eigenvalues of (p each repeated with its algebraic multi- 
plicity. Finally let a n j, ar„ i2 , • • • , a n ,d be the invariants of <p n - I, that are rational 
integers by hypothesis. Recalling that 

a nA = ^(^-1,...,^-1) 
a n , 2 = s 2 {X{-l,...,r d -l) 



a n ,d = s d {A'[-\,...,A n d -\) 
where Sk is the k-th elementary symmetric polynomial, we have 



{A'} - \) d = J^(-l) k+ \A? - l) d - k a n , k (23) 



for every i = 1, 2, . . . , d. Fix now a positive integer N and suppose that N\af* 
for every k = 1 , . . . , d. Then N\af k for every k = 1 , . . . , d, and using (1231) . we have 



logged^ -l) d = ^ log- max 1(^-1)^ 

d 

Y J (-l) k+ \A^-l) d - k a„ tk 

k=i 

> ^ lo §~ max m , ax M" - 1 



= 2_j i°g m ? x 



> V log- max \a n A = log gcd(or„ >fe ) > d\~ [ log iV 

where M is the set of non archimedean valuations of the field of fractions of 
the ring R. Suppose now that A\ and A 2 are two multiplicatively independent 
eigenvalues of (p an d apply Proposition [81 as we did in proving Theorem [TJ We 
obtain, for every e > 0, 

log gcd(/£ - 1) < log gcd {A\ - 1, 4 - 1} < 6/i (24) 

for every n sufficiently large. Therefore 

logN < dlden 
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for every n sufficiently large, i.e. 

lim = +00 

n-^oo logN 

On the other hand if all the eigenvalues of <p are pairwise multiplicatively depen- 
dent, we can proceed as in the proof of Theorem [0 For every i = 1 , . . . , d there 
exist two integers a u bi, not both zero, such that A"' = Af . Let m be the least com- 
mon multiple of the bfs and consider the subset N of the natural numbers defined 
by 

N = {n 6 N such that n = (mod m)} 
For each n e N, say n = jm with j e N and for each n e M we have 

maxjkJ } < \a[ - l| 

k " ^ 

and applying the Roth's theorem as in the proof of Theorem Q] we get, for every 
e > 0, 

loggcd(aff') > loggcd(a„,t) 

> ^log-|^'-l| p >7-(l-^i) + 0(l) 

for j sufficiently large. Hence there exists a positive constant p such that 

loggcd« /! f) >pn 

k 

for every sufficiently large n e N. Then, taking N„ := gcd k (a^ ), we get 

k{(f>,N n ) <n< - logged^') = -logiV„ 
P k P 

and so 

- — — < -, Vn e M 

logN„ p 



To conclude we prove Theorems |4] and [5l 

Proof of Theorem® Let £ be an elliptic curve over a finite field F 9 and let <f> : 
£ — » £ be the Frobenius endomorphism. Let m(q n ), l(q n ) be the integers that de- 
termine the structure of the group of F q « -rational points, as in ©, with m{q n )\l(q n ). 
Recall now that we may define the determinant and the trace of an endomorphism 
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(p of an elliptic curve E by choosing a prime / different from the characteristic of 
¥ q and considering the representation 

End(P) -> End(r,(£)) 

of the ring End(E) of endomorphisms of £ into the ring of endomorphisms of the 
/-adic Tate module of E. Since / is coprime with q, Ti(E) is isomorphic to Z/ x Z/ 
and if we choose a basis for this Z/-module, we can write 0/ as a 2 x 2 matrix 
whose entries belong to Z/. It is then possible to compute det(0/) and Tr(0/), and 
it turns out that these quantities are rational integers independent from the chosen 
prime / chapter 5]. We can then define 

det(0) := det(0O 
Tr(0) := Tr(0,) 

Recall now that the Weil pairing 

e m(q „) : E[m(q n )] X £[m(#")] -» /i m(?)1) = m{q n ) ih roots of unity 

is surjective and Galois invariant (see [7 , chapter III]). There exists then an m(q n ) th 
primitive root of unity which belongs to the image of e m ^) and is F 9 « -rational. 
Since the order of F*„ is q n - 1, then m(q n )\q n - 1 and then m(q") is coprime with 
the characteristic of F q . In this case the subgroup E[m(q n )] of m(g") -torsion points 
of E is isomorphic to Z/ m(q")ZxZ/ m(q n )Z and this is a subgroup of E(F q „), since 
m(q n )\l(q n ); in other words m(<7")-torsion points cLTC IT/-/" -rational. 
Consider now the multiplication map 

[m(q")] : E -> £ 

P h-> [m(^)]/ 5 

and the following isogeny 

(p n -I : 

P H> 0"(P) - P 

Since m(<5r") is coprime with the multiplication map [m(q n )] is separable (see flVl 
chapter III]), and satisfies 

ker([m(tf")]) cker(0" - /) 
There exists then a unique isogeny 

^„ : £ -> E 
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such that (p n - 1 = iff n o [m(q n )] (see [7, chapter III, Corollary 4.1 1]). This implies 
that 

m(q n )\ det(0 n - I) (25) 

and 

m(<f)|Tr(0"-/) 

and then 

m(<f)|(Tr(«f -/)) 2 (26) 

If E is an ordinary elliptic curve, the map <p possesses two multiplicatively inde- 
pendent eigenvalues a,fi, for otherwise a a = fi h , for suitable (a, b) e Z 2 \ {(0, 0)}, 
would imply a = b, since M = \fi\ = yfq. Then a 2a + 1 " = (mod q a ) and £ 
would be supersingular. We can then apply Theorem [3j since (|25"T) and ((261) hold, 
then 

r k((f),m(q")) 



log m(g") log m(g") 

and therefore 



lim = +oo (27) 

n->oo log m(g") 



But recalling the Hasse-Weil relation © 

#£(F,«) = %")m(^) = q n + 1 - Tr(0") 
and the fact that Tr(0") = 0(q n/2 ), we get 

Hm log /(<?») + log m(<f) = i 
n^oo n log q 

Hence (|271) implies 

,. logZ(^) 
lim — = 1 

n^>oo n log q 

and this in turn implies that for every e > 0, 

%") > q n(X ' e) 

for every n sufficiently large. 

On the other hand if E is supersingular, there exist [5, chapter 13] two strictly 
positive integers a,b such that <f> a = [p b ], where p = char(F^). Let N '.= {n € 
N|n = (mod a)} and observe that if n e N, say n = ja, with j e N, then P e E 
IS Jr 1 ^" -rational if and only if 

= ((f>"-I)(P) = [p hj -l](P) 
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i.e. if and only if P is a (p bj - l)-torsion point. But 

E[p bj - 1] = Z/(p bj - 1)Z x Z/(p bj - 1)Z 
because - 1 is coprime with p. Hence 

m(q") =p b *°-\ 

for every n e N. If Ve > 0, /(<?") > for every n sufficiently large, then 

tt£(F,„) = l(q n )m(q n ) > (p b ^ - l) (28) 

for every n e N sufficiently large and this would contradict the Hasse-Weil rela- 
tion since 

#£(F^) < q n + 1 +2q n/2 < 2q" 
for every neN and this, together with (EST) , would imply 

for every neN sufficiently large, leading to a contradiction when e is sufficiently 
small. □ 

To prove Theorem [51 recall that two elliptic curves E\ and E 2 are isogenous 
over F q if and only if they have the same number of F 9 -rational points [7, chap- 
ter 5]. So if E\ and E 2 are two F 9 -isogenous elliptic curves, then the Frobenius 
endomorphisms <p\ and cf> 2 have the same characteristic polynomial and hence (j>\ 
and 02 have the same eigenvalues. 

Viceversa let a,, a, be the complex conjugate eigenvalues of the Frobenius en- 
domorphism of for i = 1,2. If 0i and (p 2 have multiplicatively dependent 
eigenvalues, then there exists a positive integer a such that a" = a a 2 and then auto- 
matically a\ = ~a 2 . Hence (p\ and (p a 2 have the same eigenvalues and therefore the 
same characteristic polynomial. Then (JE^F^) = §E 2 (F q a) and so Ey and E 2 are 
isogenous over F^. Observe moreover that a\ = a 2 implies ot\ = £a 2 for a certain 
a-th root of unity £ which belongs to Q(ai, a 2 ). Hence [Q(£) : Q] = 1, 2 or 4. If 
[QUO : Q] = 1 then £ = ±1 and a = 1 or 2; if [Q(£) : Q] = 2 then £ = ±i, +p, +p 2 , 
where p = exp(27n/3) and a = 3,4 or 6; if [Q(£) : Q] = 4 then £ is a primitive 
root of unity of order 5, 8, 10 or 12 and consequently a = 5, 8, 10 or 12. To sum- 
marize, if 0i and (p 2 have multiplicatively dependent eigenvalues, then E\ and E 2 
are isogenous over Jr^, where a e {1,2,3,4,5,6,8, 10, 12}. 

Proof of Theorem\5\ Since E\ and E 2 are ordinary, then by Theorem [?] we have, 
Ve>0, 

h(q n )h{q n ) > q 2n{l - e) (29) 
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for every n sufficiently large. Let (p { and <p 2 be the Frobenius isogenics of E { and 
E 2 and let (p be the Frobenius isogeny of their product Jl. We can choose a basis 
in T[(J{) such that the matrix representing (p is diagonal of the form 



<pi := 



ai 

a l 

a 2 

a 2 J 



(30) 



where or,, or, are the complex conjugate eigenvalues of <p t , i = 1,2. If Ei and E 2 
are not F^-isogenous, then by remark preceeding this proof and the fact that E\ 
and E 2 are ordinary, a\,a\, a 2 , a 2 are pairwise multiplicative independent. Hence, 
by Theorem Q] the matrix (l30l) representing 0/ is 2-regular, in the sense that <jT4|) 
holds with r = 2. If we define A(q") := gcd(/i(g"), / 2 (g")), then A(q n ) divides all 
the determinants of the minors of order 3 of (p" - I and then Ve > 

A(q n ) < exp(en) for n sufficiently large. (31) 

We can then conlcude by ([29]) and ((3D that Ve > 

Z(^") = ) > ^ 2 " (1 " e) exp(-en) for n sufficiently large. 

Viceversa if E\ and E 2 are F^-isogenous, then a\ and ar 2 are multiplicatively 
dependent (possibly exchanging a 2 with a 2 ). Then by Theorem[I]the matrix ((301) 
is 2-exceptional, i.e. 3p > and an infinite subset JV c N such that, if we let 
l\(q n ) := li{q n )IA{q n ) for i = 1,2, then Ve > 

P n < ioggcd(K-i)K-DK-iXK-i)(^-i)(^-iX 

(a'[ - \){a n 2 - l)(a n 2 - 1), (5? - 1)(^ - D(^2 - D) 
= loggcd^Omi^K - l),/i(^)/m(^)(^ - 1), 

(a", - l)l 2 {q n )m 2 {q n ),{a n { - \)l 2 {q n )m 2 {q n )) 
= log A(q n ) + log gcd (I'M^m^ial - 1), W^")^ - 1), 

(a", - l)l' 2 {q n )m 2 {q%{a n { - \)l' 2 {q")m 2 {q n )) 

< log A((f) + log gcd (a n 2 - 1,^-1) 

+ loggcd(/' 1 (4'> 1 (<f ),« - l)/ 2 (<f)m 2 (<A(c^ - l)/ 2 (<f )m 2 (</")) 

< log A(<f) + log gcd {a n 2 - 1, ^ - 1) 

+ loggcd(r i (^)m 1 (^),/ 2 (^)m 2 (^)) + loggcd(a'; - 1,5? - 1) 
= log A(q n ) + log gcd 1,5£-1) 

+ loggcd(m 1 (^ , ),m 2 (^' 1 )) + log gcd (a\ - \,a[ - 1) 

< log A(q n ) + en + log m x (q n ) + en 
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for every n e N sufficiently large, where the last inequality follows since a t and 
a t are multiplicatively independent, for i = 1 and 2. Remember now that 

mi{q n ) < exp(en) 
for n sufficiently large, since E x is ordinary. This proves that 

log A(q n ) > pn - 3 en 
for every n e N sufficiently large. If p' > is a real constant, p' < p, then 

A(q") > exp(p'n) 
for every n e N sufficiently large. Hence 

m = kiq 2 h !:f ) < h(q n Mg")cxp(-p'n) 
A(q n ) 

for every n 6 N sufficiently large. 
Moreover by the Has se- Weil relation 

h(q")h(q n ) < $Ey(¥ q „)$E 2 (¥ qn ) <{q n +\ + 2q n/2 ) 2 < 4q 2 " 

for n sufficiently large and so 

l(q") =< Aq 2n exp(-p'n) 

for every n e N sufficiently large and this contradicts (ITOT) if 



2 1+2 log q 



It is now straightforward to prove (fTTj) . In fact, if E\ and E 2 are ordinary and not 
isogenous, then (|27T) and (I3TI) imply that for every e > 



gcd(|i J Ei(F,„),^2(F^)) = gcd ( mi (q n Mq n ),m 2 (q n )l 2 (q n )) 

< mi(q n )m 2 (q n )&(q n ) < expQnj = exp(en) 

for every n sufficiently large. 
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